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Abstract. We present an analytical treatment of the spin dynamics of a double quantum dot (DQD), modeled as a bipartite system of two spin particles governed by the bipartite Pauli equation in a constant magnetic field. In contrast to formulations in which the two spins are treated as independent, the spin-spin interaction is retained explicitly and is written in the isotropic exchange form. The magnetic vector potential is chosen as a one-dimensional linear function satisfying the Coulomb gauge condition, which fixes both the magnitude and the orientation of the field entering the spin sector, whereas the Coulomb interaction between the two charges is retained in the spatial sector and does not act on the spin problem. Working in the product basis built from the single-particle eigenspinors, we show that the four-dimensional spin Hamiltonian separates into two one-dimensional blocks and one two-dimensional block, and we obtain the eigenvalues, the eigenbispinors, and the singlet-triplet mixing angle in closed form. The resulting spectrum reveals that the Zeeman effect is selective: the external field splits the triplet levels while leaving the singlet in place, so that the singlet-triplet separation is governed by the spin-spin coupling alone. For a charge-symmetric DQD, the mixing angle is locked at its maximal value, the exact singlet and triplet states being recovered directly from the bipartite Pauli equation, and a sufficiently strong field brings one triplet branch into coincidence with the singlet. These results provide a compact analytical description of the spin structure of a confined bipartite spin system and of the parameters governing the operation of a two-electron DQD as a spin-based nanoelectronic device.
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Introduction
Among the properties of quantum particles described within the Schrödinger wave picture [1], spin occupies a singular position, since it has no counterpart in classical mechanics [2]. Its existence was inferred not from theory but from experiment: from the way spectral lines divide when an atom is placed in a magnetic field [3], and from the deflection of an atomic beam into discrete components [4]. Accommodating such a degree of freedom requires a wavefunction with more than one component, and the Pauli equation supplies precisely that, the state becoming a two-component spinor while the coupling between the external field and the spin magnetic moment is carried by the Pauli matrices [5]. The equation is not merely phenomenological: it follows from the relativistic Dirac equation in the non-relativistic limit [6], and it can equally be reconstructed, together with the bipartite form appropriate to two interacting spins, from the Budiyono-Rohrlich statistical model of quantum mechanics [7]. It is this bipartite form that provides the starting point of the present work.
Whenever two or more spins are present, their mutual interaction ceases to be a small correction and becomes a defining feature of the dynamics. In an atom, the spin of an electron couples to the spin and orbital angular momentum of the remaining electrons, producing fine-structure spectral features [9], and to the spin of the nucleus, producing hyperfine-structure spectral features [11]. In systems with half-integer spin, such couplings govern the splitting of the fine energy levels and the accessibility of the states involved [8]. In engineered nanostructures, the same mechanism reappears in a controllable form: the effective spin-spin coupling between two localized electrons is dominated by the exchange interaction, which originates from the interplay between the Coulomb repulsion and the Pauli exclusion principle, and which can be tuned electrostatically together with the confinement itself [10]. The two-spin energy landscape is therefore set by the competition between this exchange coupling and the Zeeman interaction with an external magnetic field.

The double quantum dot (DQD) is the system in which this competition is realized most directly. Two electrons confined in adjacent electrostatic minima constitute a bipartite spin system whose low-energy sector is spanned by one singlet and three triplet states: the spin-spin coupling fixes the singlet-triplet separation, while the external magnetic field lifts the degeneracy within the triplet manifold [9]. What distinguishes the DQD from its atomic counterparts is that both the confinement and the interdot coupling are defined by gate voltages, so that the strength of the spin-spin interaction becomes an externally adjustable parameter rather than a fixed property of the system.
This tunability is what turns the two-spin structure of a DQD into a technological resource. The singlet and the unpolarized triplet state span a two-level subspace that can be operated as a qubit, in which logical rotations are driven by pulsing the spin-spin coupling, while readout is performed by converting the spin configuration into a charge signal through Pauli spin blockade [9]. Since the same coupling also mediates the entangling operation between neighboring spins, the exchange interaction acts simultaneously as the control knob for single- and two-qubit gates. Spin qubits defined in gate-controlled quantum dots thereby combine fast electrical control with compatibility with existing semiconductor fabrication technology, and represent one of the leading solid-state routes towards scalable quantum information processing, alongside the superconducting and trapped-ion architectures that exploit the same two-level structure [12, 13]. In this context, analytical treatments of the two-electron quantum dot in a magnetic field remain of continuing interest, since they expose the organization of the spectrum, and hence the operating points of such devices, without recourse to a full numerical diagonalization [14].


In this work, we investigate the spin dynamics of the bipartite spin system of a DQD by solving the associated time-independent Pauli equation in the presence of a static external magnetic field, with the spin-spin interaction retained explicitly rather than discarded. Our attention is directed throughout to the system's spin Hamiltonian. The magnetic vector potential is taken to be a one-dimensional linear function that satisfies the Coulomb gauge condition, which fixes both the magnitude and the orientation of the constant magnetic field entering the spin sector. The spin-spin interaction is modeled in the isotropic exchange form, with the strength given by the exchange coupling between the two spins. The internal Coulomb interaction between the two electrons is retained in the spatial part of the Hamiltonian for completeness, but since it does not enter the spin sector, it is only touched upon here and is not a focus of the present analysis. Solving the corresponding eigenvalue problem, we obtain the eigenvalues and eigenbispinors of the spin Hamiltonian in closed form, together with a mixing angle that measures the singlet-triplet admixture generated by the competition between the spin-spin coupling and the Zeeman term. For clarity, the spin Hamiltonian of a single spin particle is discussed first.

To the best of our knowledge, a systematic treatment of the spin Hamiltonian of a DQD based on the bipartite Pauli equation, in which the spin-spin interaction is retained, and the resulting eigenvalues and eigenbispinors are obtained in closed form, has not been presented explicitly. This work addresses that gap, and two concrete outcomes follow. First, in the product basis of the single-particle eigenspinors, the four-dimensional spin problem decomposes into blocks that can be diagonalized analytically. Second, the Zeeman response of the confined bipartite spin system proves to be selective: the field splits the triplet levels while leaving the singlet in place, so that the singlet-triplet separation is set by the spin-spin coupling alone, and for the charge-symmetric case of a two-electron DQD the mixing angle is locked at its maximal value, the exact singlet and triplet states being recovered directly from the bipartite Pauli equation. Taken together, these outcomes identify the parameters that govern the operation of a two-electron DQD as a spin-based nanoelectronic device.
We organize the report as follows. In Section 2, we discuss the Pauli equation. Section 3 presents the single-particle spin Hamiltonian, its eigenspinors, and the associated energy levels. Section 4 extends the analysis to the bipartite spin Hamiltonian of a DQD, where the eigenvalues, the eigenbispinors, and the resulting singlet-triplet structure are derived and their nanoelectronic implications discussed. We conclude the report in Section 5.
Pauli Equation

Our starting point is the equation of motion for a charged particle that carries an intrinsic magnetic moment. For a non-relativistic spin particle placed in an external electromagnetic environment, the corresponding two-component wavefunction evolves according to the Pauli equation [7]:

	(1)












The state  is the spinor of the particle, whose two entries  are the probability amplitudes associated with the spin-up  and spin-down  orientations. Coupling to the electromagnetic field is introduced through the kinetic momentum operator  in which  is the linear momentum operator, while  denotes the  identity matrix and ensures that the orbital terms act identically on both spinor components. The charge and the mass of the particle are denoted by q and m. The external magnetic vector and scalar potentials are written as  and  respectively. The last term of Eq. (1) is the one that governs the spin dynamics, since it couples the constant magnetic field  to the vector of Pauli matrices  whose components represent the spin of the associated particle. Because the orbital and the spin contributions enter additively, they can be examined independently of one another, and it is the latter that will occupy us in what follows.
Note that Eq. (1) is obtained both from the non-relativistic limit of the Dirac equation [6] and from the Budiyono-Rohrlich statistical model [7], such that the two routes give identical observable predictions for the present system and differ only in their conceptual basis. Meanwhile, Eq. (1) does not include spin-orbit coupling of the Rashba or Dresselhaus type, although it governs spin relaxation, dephasing, and the electric control of spins. We omit it since the associated energy is typically small compared with the exchange and Zeeman energies in GaAs and Si double quantum dots [15]. In particular, its inclusion turns the singlet-triplet crossing into an anticrossing. This extension is left for future work.
Single-Particle Spin Hamiltonian and Its Eigenspinors
We now turn to the stationary regime. For a constant magnetic field, the Hamiltonian appearing in Eq. (1) splits into a term acting on the spin degree of freedom and a term acting on the orbital motion, each of which may be displayed in explicit matrix form. The spin contribution reads

	(2)
while the orbital contribution is given by

	(3)



Taken together, these two pieces constitute the total Hamiltonian  so that a stationary state factorizes into spin and spatial factors according to  and the associated energy separates correspondingly as 













It remains to fix the field configuration. We let the magnetic vector potential depend on a single spatial variable,  and require it to comply with the Coulomb gauge condition  A choice meeting both conditions is  whose curl produces the uniform field  Written in spherical form, the Cartesian components are   and  from which one sees that the field  adopted here corresponds to the fixed orientation  and  with magnitude  Unless indicated otherwise,  and  retain these values throughout the discussion that follows.

Since our interest is confined to the spin sector, we retain only the eigenvalue problem  Diagonalizing the matrix of Eq. (2) for the field orientation fixed above, we obtain the eigenvalues and the corresponding eigenspinors:

	(4)



The label  identifies the spin-up (spin-down) state. The two eigenspinors of Eq. (4) form an orthonormal pair, since  and  Accordingly, they span the single-particle spin space completely and will serve as the building blocks for the bipartite construction developed in the next section.
Bipartite Spin Hamiltonian and the Singlet-Triplet Structure of a Double Quantum Dot

We now extend the treatment to a pair of interacting spin particles. Two things change relative to Section 3: each particle carries its own charge, and the two spins are no longer independent. The spatial and spin parts of the Hamiltonian read, respectively,

	(5)













Here  carries, besides the kinetic and external-potential terms, the Coulomb interaction between the two charges, where  denotes the Coulomb constant; as anticipated in Section 1, that term lives entirely in the spatial sector and plays no part in what follows. The spin operator  is the object of interest. It describes two spin components whose individual effective Zeeman charges  and  couple separately to the external field  In terms of the effective g-factors  and  of the two dots, we define the effective Zeeman charges through  with  where denotes the Bohr magneton. The two spins are in turn coupled to each other by the spin-spin term, whose strength  is the exchange interaction between them. Physically, this coupling originates from the virtual interdot tunneling, which is allowed for the singlet but blocked by the Pauli exclusion principle for the triplet. Its strength is therefore set by the interdot tunnel coupling and the detuning between the dots, and it can be tuned by the gate voltages over many orders of magnitude [15].
Since both particles are charged, the Coulomb term has to appear in the model even though it does not act on the spin degrees of freedom. Written for the four-component bispinor, the Pauli equation becomes

	(6)








In this expression  is the bispinor assembled from the spin-up and spin-down amplitudes of particles  and  and it factorizes as  while  denotes the  identity matrix. For a bipartite system, the variable  is understood as the relative coordinate between the two particles, with the center-of-mass motion neglected. Inserting the field orientation fixed in Section 3, the spin operator  acquires the explicit matrix form


		(7)

with  The diagonalization is most transparent in the product basis built from the single-particle eigenspinors of Eq. (4). Because the spin-spin operator is invariant under a simultaneous rotation of both spins, it retains the same form in that basis, while the Zeeman part becomes diagonal in each factor. Equation (7) then decomposes into two one-dimensional blocks, spanned by the two aligned configurations that belong to the triplet manifold, and one two-dimensional block that couples the two anti-aligned configurations, from which the singlet and the unpolarized triplet state are formed. The aligned blocks give the eigenvalues

		(8)
together with the eigenbispinors

	(9)

	(10)
Diagonalizing the remaining two-dimensional block yields the second pair of eigenvalues,

	(11)
with the associated eigenbispinors

	(12)

	(13)

where  is the mixing angle fixed by

		(14)
As mentioned previously, the content of Eqs. (8)-(14) becomes transparent once the four states are classified by their total spin. The aligned bispinors of Eqs. (9) and (10) are symmetric under exchange of the two particles and therefore belong to the triplet manifold. The two-dimensional block, by contrast, is spanned by one symmetric and one antisymmetric combination, namely the remaining triplet member and the singlet, respectively, which the mixing angle of Eq. (14) blends whenever the two charges differ. It is thus the triplet levels that carry the Zeeman splitting, while the singlet is displaced from them by the spin-spin coupling alone. This level structure is consistent with the experimental observation reported in ref. [14].



The picture can be simplified further when the two confined particles possess equal effective Zeeman charges  such as a two-electron system, and the difference between them vanishes ; the mixing angle of Eq. (14) is then locked at its maximal value with  whatever the strength of the field or of the coupling. The two anti-aligned configurations therefore enter in equal proportion, and the four states separate cleanly into a triplet of parallel spin configurations and a single antiparallel one [15]. The familiar singlet-triplet classification of two-electron physics is thus recovered directly from the bipartite Pauli equation, without any additional assumptions.






Two consequences follow without further algebra. The external field acts within the triplet only, splitting the triplet manifold into three equally spaced levels while leaving the singlet where it is, so that the Zeeman response of the pair is selective rather than uniform; raising the field eventually brings one triplet branch into coincidence with the singlet, once the Zeeman splitting has grown to match the separation produced by the spin-spin coupling. That separation, in turn, owes nothing to the field. Based on Eqs. (8) and (11), the singlet is separated from the unpolarized triplet by  It is readily seen that the coincidence occurs at  namely when the Zeeman energy equals the corresponding splitting. Note that the crossing is exact, since the two states belong to different blocks. For GaAs double quantum dots with the Zeeman energy is about  per tesla, such that a splitting of about  is compensated at  [18].
It is also worth pausing to consider what the general case describes, since the two charges enter the spin Hamiltonian as the effective Zeeman charge. Unequal values therefore do not require the two particles to carry different charges; they describe two spins that couple to the field with different strengths, a situation realized in an actual double dot either by a difference between the effective g-factors of the two dots or by a gradient of the magnetic field across them, such as the one produced by a micromagnet [16] or by a difference in the nuclear Overhauser field [17]. Equation (11) shows that this asymmetry and the spin-spin coupling add in quadrature, so that the splitting within the two-dimensional block is set by the two of them together, while Eq. (14) shows the mixing angle interpolating between the singlet-triplet basis, recovered when the asymmetry vanishes, and the simple product configurations, approached when it dominates. The two mechanisms therefore act as a pair of independent control axes, the spin-spin coupling rotating the state about one of them and the Zeeman asymmetry about the other, which is precisely the arrangement used to obtain full control over a singlet-triplet qubit [16, 17]. Our results agree with experiments on GaAs and Si/SiGe double quantum dots. In GaAs, the singlet-triplet degeneracy is observed when the exchange energy equals the Zeeman energy [18], which is nothing but the coincidence condition obtained above. In the meantime, the quadrature form of Eq. (11) corresponds to the singlet-triplet oscillation frequency measured in GaAs [17] and Si/SiGe [16, 19] devices.
It is readily seen that the factorization into spatial and spin parts holds, since the spin Hamiltonian does not depend on the positions of the particles. The orbital state therefore enters only through the exchange coupling. However, this coupling changes when an electron occupies an excited orbital state. Based on Eq. (14), the corresponding mixing angle is then modified for unequal Zeeman charges, but it remains maximal for equal ones.
We emphasize that the present model rests on three assumptions, namely: each electron occupies the orbital ground state of its own dot, the magnetic field is static, and both the spin-orbit coupling and the dynamics of the nuclear spins are neglected. Under these assumptions, the model holds as long as the exchange and Zeeman energies remain small compared with the orbital level spacing and the charging energy. However, it does not describe the doubly occupied charge state, the orbital excitations, and the spin relaxation induced by the environment. These effects require an explicit solution of the spatial sector, and the corresponding extension is left for future work.
These features are what make the two-electron double quantum dot attractive as a building block for nanoelectronics. The singlet and one member of the triplet form a well-isolated pair of levels capable of encoding a qubit in the spin degree of freedom alone, leaving the charge configuration undisturbed. Their spacing is governed by spin-spin coupling, which, in a gate-defined structure, is set by the voltages applied to the electrodes, enabling logical operations to be driven electrically and at high speed without any locally applied magnetic field. The selective Zeeman response supplies the complementary control, since a uniform field displaces the triplet branches relative to the singlet and can steer the pair towards the coincidence noted above, which is the regime exploited when spin information is converted into a charge signal for readout. That all of this takes place in the same semiconductor material system as conventional electronics is what makes spin-based double-dot architectures a plausible route towards integrated quantum nanoelectronics.
Conclusion


We have analyzed the spin dynamics of a double quantum dot within the framework of the bipartite Pauli equation, retaining the spin-spin interaction between the two confined spin components instead of discarding it. The magnetic vector potential was taken as a one-dimensional linear function that obeys the Coulomb gauge condition, which fixes the magnitude and orientation of the constant field acting on the spin sector, while the Coulomb interaction between the two charges was retained in the spatial part of the Hamiltonian and did not enter the spin problem. For the single spin particle, we obtained the eigenvalues and eigenspinors of the spin Hamiltonian in closed form, which were then used to construct the product basis for the bipartite construction.

On that basis, the four-dimensional spin Hamiltonian was found to decompose into two one-dimensional blocks, spanned by the aligned configurations, and one two-dimensional block that couples the anti-aligned configurations, which allowed the eigenvalues, the eigenbispinors, and the mixing angle to be obtained analytically. Classifying the four states by their total spin showed that the Zeeman splitting is carried by the triplet levels alone, the singlet being displaced from them by the spin-spin coupling only, so that the Zeeman response of a bipartite spin system is selective rather than uniform. For the charge-symmetric case realized by a two-electron DQD, the mixing angle is locked at its maximal value irrespective of the field and coupling strengths, so that the exact singlet and triplet states emerge directly from the bipartite Pauli equation, and increasing the field eventually brings one triplet branch into coincidence with the singlet.

These results give a compact analytical account of how the spin-spin interaction organizes the spectrum of a confined bipartite spin system, and they identify the quantities that matter for nanoelectronic applications: the electrically tunable singlet-triplet separation that defines a spin qubit and the selective Zeeman response that supplies the complementary control and the readout regime. Extending the present treatment to the spatial sector, so that the orbital and spin contributions to the total energy may be examined together, is left for future work.
To this end, it is important to emphasize that the block structure is not restricted to two spins. For a chain of dots, the total spin projection along the field remains conserved if the exchange is isotropic and the Zeeman fields are collinear. This holds even for different Zeeman strengths. In this case, the corresponding blocks have dimensions given by the binomial coefficients, namely: 1, 3, 3, and 1 for a triple quantum dot, which still admits closed-form solutions. Our future work will extend the model to such multi-dot arrays [15], together with spin-orbit coupling.
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  Bipartite  Spin Dynamics in a Double Quantum Dot:  Effects of Spin - Spin Interaction   Husin Alatas # [ 0000 - 0002 - 7570 - 3267 ] ,  Aurelryo Jonathan ,  Farhan Yudhistira ,    Faozan Ahmad [ 0000 - 0001 - 6182 - 0780 ]   Hendradi  Hardhienata [ 0000 - 0001 - 9123 - 4539 ]   Theoretical Physics Division, Department of Physics, Faculty of Mathematics and Natural   Sciences, IPB University, Bogor, Indonesia   # alatas @apps.ipb.ac.id     Abstract.  We present an analytical treatment of the spin dynamics of a double  quantum dot (DQD), modeled as a bipartite system of two spin
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  particles  governed by the bipartite Pauli equation in a constant magnetic field. In contrast  to formulations in which the two spins are treated as independent, the spin - spin  interaction is retained explicitly and is written in the isotropic exchange form.   The magnetic vector potential is chosen as a one - dimensional linear function sat- isfying the Coulomb gauge condition, which fixes both the magnitude and the  orientation of the field entering the spin sector, whereas the Coulomb interaction  between the two  charges is retained in the spatial sector and does not act on the  spin problem. Working in the product basis built from the single - particle eigen- spinors, we show that the four - dimensional spin Hamiltonian separates into two  one - dimensional blocks and one t wo - dimensional block, and we obtain the ei- genvalues, the eigenbispinors, and the singlet - triplet mixing angle in closed form.  The resulting spectrum reveals that the Zeeman effect is selective: the external  field splits the triplet levels while leaving the   singlet in place, so that the singlet - triplet separation is governed by the spin - spin coupling alone. For a charge - sym- metric DQD, the mixing angle is locked at its maximal value, the exact singlet  and triplet states being recovered directly from the bipar tite Pauli equation, and  a sufficiently strong field brings one triplet branch into coincidence with the sin- glet. These results provide a compact analytical description of the spin structure  of a confined bipartite spin system and of the parameters governi ng the operation  of a two - electron DQD as a spin - based nanoelectronic device.   Keywords:   Bipartite Pauli equation; Double quantum dot; Spin - spin interaction;  Selective Zeeman splitting; Singlet - triplet states; Spin qubit   1   Introduction   Among the properties of quantum particles described within the Schrödinger wave  picture [1], spin occupies a singular position, since it has no counterpart in classical  mechanics [2]. Its existence was inferred not from theory but from experiment: from  the   way spectral lines divide when an atom is placed in a magnetic field [3], and from 

